In this paper we study the existence and linear stability of bright and dark breathers in one-dimensional FPU lattices. On the one hand, we test the range of validity of a recent breathers existence proof [G. James, C. R. Acad. Sci., Ser. I: Math, 332, 581 (2001)] using numerical computations. Approximate analytical expressions for small amplitude bright and dark breathers are found to fit very well exact numerical solutions even far from the top of the phonon band. On the other hand, we study numerically large amplitude breathers nonpredicted in the above cited reference. In particular, for a class of asymmetric FPU potentials we find an energy threshold for the existence of exact discrete breathers, which is a relatively unexplored phenomenon in one-dimensional lattices. Bright and dark breathers superposed on a uniformly stressed static configuration are also investigated.
I. INTRODUCTION AND MODEL
Discrete breathers, also called intrinsic localized modes, are classical exact spatially localized time-periodic solutions which can be sustained by many nonlinear lattices (see Refs. 1 and 2 for a review). In 1994 MacKay and Aubry 3 rigorously proved their existence in Hamiltonian lattices with anharmonic on-site potentials and weak coupling. Breathers are obtained by continuation from the uncoupled case in which trivial breathers exist (e.g., breathers with only one oscillator excited, the others being at rest). With the same technique, the existence of breathers was also proved for diatomic Fermi-Pasta-Ulam (FPU) chains. 4 In this model, two different masses alternate on the chain and are nonlinearly coupled to their nearest neighbors via an interaction potential V. This result is valid for a large mass ratio, since light masses (nextnearest neighbors) are weakly coupled due to the presence of a heavy mass in between.
Unfortunately this method is not applicable to homogeneous FPU lattices, which do not possess an uncoupled limit in which trivial breathers exist. For some years the only existence result concerned the particular potentials V͑x͒ = x 2m with m ജ 2. 5 FPU lattices seemed elusive to a rigorous mathematical treatment in spite of numerous approximate [6] [7] [8] and numerical 9, 10 studies, which have indicated the existence of discrete breathers in these systems.
Nevertheless, recent papers have presented rigorous existence proofs for discrete breathers in infinite FPU lattices. On the one hand, Aubry et al. 11 have proved the existence of breathers with frequencies above the phonon spectrum, when V is a strictly convex polynomial of degree 4. These results are obtained via a variational method and apply in fact to higher dimensional generalizations of FPU lattices. Without additional assumptions on V, these results give only a partial information on breathers amplitudes. Under the additional condition that V is even, Aubry et al. prove the existence of breathers of arbitrarily small amplitudes in one-dimensional FPU lattices.
On the other hand, the existence (respectively, nonexistence) of small amplitude breathers with frequencies slightly above the phonon band has been established when V satisfies (respectively, violates) a local hardening condition. 12 The proof is based on a center manifold technique, which shows more generally that all small amplitude time-periodic solutions of the FPU system (including breathers) are determined by a two-dimensional map, provided their frequency lies near the phonon band edge. The discrete center manifold method has been put in a general framework 13 and applied to other systems, namely diatomic FPU chains 14 (far from the uncoupled regime) and spin lattices. 15 The aim of this work is to test numerically the range of validity of the center manifold method 12 and to explore new phenomena, far from the small amplitude regime.
The one-dimensional FPU system is given by the following equations:
where x n represents mass displacements from their equilibrium positions and V is a smooth interaction potential satisfying VЈ͑0͒ =0, VЉ͑0͒ = 1. In Ref. 12, the existence of small amplitude breathers ͑SAB͒ with frequencies b slightly above the phonon band ͑ b Ͼ 2͒ is obtained for B Ͼ 0, where
and their nonexistence is proved for B Ͻ 0 (see Refs. 16 and 17 for related results on the modulational instability of nonlinear normal modes and the tangent bifurcation of standing waves, respectively In Section II we compute numerically SAB and find that they are very well fitted by leading order analytical expressions deduced from Ref. 12 . In Section III we consider a class of potentials for which numerical computations yield large amplitude breathers ͑LAB͒ with frequencies near the top of the phonon band. In this case there is an energy threshold for the existence of exact discrete breathers. The existence of an energy threshold for breather creation in higher-dimensional lattices is well known, 18, 19 but only a few one-dimensional examples have been given where such a threshold exists. 11, 20, 21 Section III explores in more details the example of Ref. 21 . Section IV deals with dark breathers, i.e., spatially modulated standing waves whose amplitude is constant at infinity and vanishes at the center of the chain. Leading order analytical expressions for small amplitude dark breathers (with frequencies inside the phonon band) fit the numerically computed dark breathers very well in the case of even potentials. In Sec. V we analyze bright and dark breathers superposed on uniformly stretched or compressed static states. In each section the linear stability of the abovementioned solutions is numerically investigated.
II. SMALL AMPLITUDE BREATHERS

A. Summary of the theory
We consider time-periodic solutions of (1) having a given frequency b . We introduce the interaction force
where
The time-average of y n is independent of n [integrate (1)], and is fixed to 0 in Ref. 12 , as it is the case for all spatially localized solutions. Then, problem (1) leads to
The main results of Ref. 12 can be formulated as follows. For b Ϸ 2 (maximal phonon frequency), all small amplitude solutions y n (even in t) have the form
where is a smooth time-periodic function with frequency
2 ͒͒. This result can be seen as an exact version of the rotating-wave approximation method, 6 in the small amplitude limit. Note that can be computed at an arbitrary order (see Ref. 13 , p. 51). Moreover, b n satisfies the second order nonlinear recurrence relation
where = b 2 −4Ӷ 1 and the coefficient B is given in (2). Higher order terms are O͉͑b n ͉ ͉͑͑b n−1 ͉ + ͉b n ͉͒ 2 + ͉ ͉͒ 2 ͒ [note that the right-hand side of (8) can be computed at an arbitrary order]. Consequently, the problem of finding small amplitude time-periodic solutions of (6) reduces to the problem (8), which can be viewed as a two-dimensional map
For B Ͼ 0 fixed and Ͼ 0 sufficiently small, the recurrence relation (8) has homoclinic solutions to 0 satisfying lim n→±ϱ b n =0 [a proof has been given in Refs. 12 and 13, using the invariance n → −n of (8)]. More precisely, there exist homoclinic solutions to 0 denoted as ±b n 1 , ±b n 2 , having different symmetries
Beyond this particular result, one can expect the existence of infinitely many homoclinic solutions to 0 (not necessarily symmetric). Indeed, for B Ͼ 0 the intersections of the stable and unstable manifolds of b n = 0 are generically transverse, which yields the existence of "homoclinic tangles." 22 A formal way to understand why homoclinic orbits exist is the following. Setting n = ͑−1͒ n b n yields the recurrence relation
Since 0 Ͻ Ӷ 1, Eq. (9) can be approximated by an integrable differential equation
͑11͒
Equation (10) has the homoclinic solutions v͑x͒ = ± ͱ 2 / cosh͑x + c͒.
Using the above analysis, it has been proved that for B Ͼ 0 and b −2Ͼ 0 sufficiently small, there exist SAB solutions of (6) given by Eq. (7) and homoclinic solutions of (8) (see Refs. 12 and 13). SAB have the form
where n = ͑−1͒ n b n satisfies the recurrence relation (9) and ͉ n ͉ → 0 as n → ± ϱ. The above homoclinic solutions b n 1 , b n 2 correspond via Eq. (7) to SAB y n 1 , y n 2 having different sym-
where T b =2 / b is the breather period (see Ref. 13 , pp. 58 and 59). Note that y n ͑t + T b /2͒ −y n ͑t͒ in general due to higher order terms in (12) (however the egality holds if V is even). Homoclinic solutions −b n i of (8) simply correspond to y n i ͑t + T b /2͒. The exact solutions y n 1 , y n 2 can be approximated at leading order using (10) and (11) with v͑x͒ = ͱ 2 / cosh x. This yields
and by symmetry we construct the second approximation
Under these approximations one has y n i ͑t + T b /2͒Ϸ−y n i ͑t͒ and y 0 1 ͑t͒Ϸ y 0 2 ͑t͒. In fact, the exact solutions satisfy y n i ͑t + T b /2͒ =−y n i ͑t͒ + O͉͉͑͒ and y 0 1 ͑t͒ = y 0 2 ͑t͒ + O͉͉͑ 3/2 ͒ as → 0 + . Notice that approximation (13) can also be derived using multiscale expansions. 16 Moreover, these expressions also approximate u n since u n = y n + O͑y n 2 ͒. These calculations show that the maximum amplitude A 
B. Numerical continuation
We have computed these solutions numerically in order to check the range of validity of approximations (13) and (14). We have fixed K 4 = 1 in Eq. (3) and thus the parameter B is positive if
We have performed our computations using a numerical scheme based on the concept of anticontinuous limit and path continuation with the Newton method. 23 With this technique it is more convenient to use the difference displacements variables u n . Indeed, with these new variables the dynamical equations become
͑15͒
where C = 1 for our system, but it makes possible to consider the system (15) as a Klein-Gordon system, with an on-site potential V and an anticontinuous limit at C = 0. Note that u n is one-to-one related to the forces y n at small amplitudes, because VЈ is locally invertible since VЉ͑0͒ 0.
We use periodic boundary conditions u n+2p ͑t͒ = u n ͑t͒. The periodicity is considered for an even number of sites in order that the maximum frequency of the linear phonons is exactly 2 as in the infinite lattice (this frequency corresponds to the phonon with wave number ).
We have obtained breathers with symmetries u n ͑t͒ = u −n ͑t͒ (site-centered mode) and u n ͑t͒ = u −n−1 ͑t + T b /2͒ (bond-centered mode). Note that the coordinates transformation (5) produces an exchange of the symmetry properties between both modes, i.e., in the difference displacements variables the site-centered mode is the Page mode 7 and the bond-centered mode is the Sievers-Takeno mode. The maximum amplitude of the relative displacements sup͉u n ͉ is also an approximately linear function of 1/2 (see squares in Fig. 2 ). This was expected for small since u n = y n + O͑y n 2 ͒, but it occurs far from the phonon band, at least until values of Ϸ 2.25. In fact, we have checked that, surprisingly, expressions (13) and (14) fit very well the profile of the relative displacements u n even far from the phonon band as Fig. 3 shows. Note that the vibration amplitudes of the breather in Fig. 3 are quite large.
In Fig. 4 we have plotted again the maximum amplitude of the relative displacements (squares), but now for an even potential ͑K 3 =0͒ and larger frequencies, in order to compare approximation (14) with an approximation derived by Sievers and Takeno in the large amplitude regime. 6 The SieversTakeno approximation is obtained using the rotating wave approximation (only the first Fourier component of solutions is taken into account) and Green's function techniques. For 
Clearly we see that approximation (16) fits better very localized solutions with large amplitudes, whereas approximation (17) works better up to moderate amplitudes ( b Ϸ 2.4 in this case). In this sense both approximations can be considered complementary. In addition we have performed a Floquet analysis in order to study the linear stability of the SAB. 24 In the symmetric potential case the result is well known: 9 the Page mode is stable while the Sievers-Takeno mode has a harmonic instability (a pair of real eigenvalues , −1 close to 1) that increases with the breather frequency. When a cubic term in the potential V is introduced ͑K 3 0͒, the situation is more complex. The Sievers-Takeno mode shows again a harmonic instability [see Fig. 5(a) ], but it also shows oscillatory instabilities. As Fig. 5(b) shows for the Page mode, these oscillatory instabilities increase with ͉K 3 ͉. Although most of them are size dependent effects due to the discretization of continuous spectrum, 25 for the infinite system some of them might remain out of the unit circle and in this case SAB would be unstable. We shall not examine this problem here and leave it for future works.
III. LARGE AMPLITUDE BREATHERS WITH AN ENERGY THRESHOLD
In this section we study breathers in the parameter region B Ͻ 0. Using the recurrence relation (8), one can show that SAB with frequencies slightly above the phonon band do not exist for B Ͻ 0 (see Refs. 12 and 13). However, large amplitude breathers do exist in this parameter region.
11 More pre- terms of the Hamiltonian. This analysis has been extended to a class of nonanalytic Hamiltonian systems in Ref. 27 . The existence of excitation thresholds has been rigorously analyzed by Weinstein 19 
In Fig. 6 we compare a SAB and a LAB with the same frequency w b = 2.01. As it is shown in Fig. 7(a) the energy of a LAB (dashed line) does not go to zero when approaching the phonon band edge. It lies always above a certain positive lower bound. In the case of SAB (continuous lines) the breather energy can be lowered to arbitrarily small values.
The dependence of the energy threshold on the asymmetry parameter K 3 is also shown in Fig. 7(b) , where we have fixed K 4 = 1. One observes that the energy threshold goes to 0 as B → 0 − (for K 3 → − ͱ 3/2Ϸ −0,86). Moreover, LAB families also exist for nonconvex potentials ͑K 3 Ͻ − ͱ 3 Ϸ −1,73͒, and their energy threshold increases with ͉K 3 ͉. This shows that the criterion ͱ 3K 4 /2Ͻ ͉K 3 ͉ Ͻ ͱ 3K 4 for the existence of an energy threshold is not optimal. We conjecturate that an energy threshold appears under the more general condition Figure 8 shows the energy of a LAB (upper line) and its amplitude (lower line) versus frequency, close to the phonon band edge [the upper line is a close-up of Fig. 7(a) near b  =2 ]. The reason for the nonmonotonous behavior of energy is that there are two competing tendencies: on the one hand amplitudes are decreasing with frequency and going to a nonzero lower bound, but on the other hand the width of the breather is increasing and more and more particles begin to oscillate as b decreases.
We have found LAB with the same symmetries as SAB (Page and Sievers-Takeno modes). LAB have an exponential decay for b Ͼ 2. As Fig. 9 shows, we have been able to fit the LAB profiles to the following expression in the case of the Page mode: 
and ␣͑ b ͒ is a fitting parameter. A similar expression corresponds to the Sievers-Takeno mode.
We have computed the decay rate ͉͑ b ͉͒ as follows. The FPU system (1) can be formulated as a mapping We have observed that LAB remain localized for b =2 (see plus signs in Fig. 9 ) and thus approximation (18) does not work in this limit.
The stability properties of LAB are the same as SAB with non-even potentials, i.e., both modes show oscillatory instabilities and also a harmonic instability in the case of the Sievers-Takeno mode. As we mention in Sec. II, most of the oscillatory instabilities are size dependent effects due to the discretization of continuous spectrum. 25 However, a band analysis 11 suggests that, at least for some parameter values (close to b =3, K 3 = −1, K 4 =1), some eigenvalues remain out of the unit circle for the infinite system and LAB are unstable. We have studied the evolution of Floquet eigenvalues of the Page mode for b =3, K 3 = −1 and K 4 = 1 when the system size becomes larger. In Fig. 10 one can see that one pair of eigenvalues seems to converge to values out of the unit circle for large system sizes, as stated in Ref. 11 .
IV. DARK BREATHERS
Using the recurrence relation (8) , it has been shown that for B Ͻ 0 and Ͻ 0 small enough ( b lies in the phonon band) there exist small amplitude heteroclinic solutions of (6) connecting two nonlinear normal modes y n ± at infinity, i.e., lim n→±ϱ y n ͑t͒ − y n ± ͑t͒ =0 (see Refs. 12 and 13). We now briefly describe the nonlinear normal modes y n ± . These solutions are spatially periodic ͓y n+2 ± ͑t͒ = y n ± ͑t͔͒, have 0 time-average (the mean interaction force is 0), and neighbors oscillate out of phase ͓y n+1 ± ͑t͒ = y n ± ͑t + T b /2͔͒. Moreover, solutions y n ± are equal up to a half-period phase shift ͓y n + ͑t͒ = y n − ͑t + T b /2͔͒. Note that the corresponding displacement patterns x n are in general different from the zone-boundary modes x n ͑t͒ = ͑−1͒ n f͑t͒ (also called binary oscillations). Indeed, in this latter case the time average of relative displacements u n is 0, whereas interaction forces have 0 time average in our case. However, both types of solutions coincide for even potentials V.
To obtain an approximate expression of the heteroclinic solutions, we can rewrite the recurrence relation (9) in the following form:
using the variable change n = ͱ − n . Equation (23) can be approximated by the differential equation,
with n = v͑n ͱ ͒. Consequently, the system (6) has a family of small amplitude solutions which can be approximated by
This type of solutions are called dark breathers 28 or antisymmetric kinks. 29 Typically the term breathers refers to bright breathers, that is a few excited units in a lattice. Here we have the opposite kind of localization: most oscillators are excited except one or a few of them.
Expression (25) approximates exact site-centered solutions of (6) satisfying y −n ͑t͒ = y n ͑t + T b /2͒. Under our approximation one has y n ͑t + T b /2͒Ϸ−y n ͑t͒, and in fact the exact solutions satisfy y n ͑t + T b /2͒ =−y n ͑t͒ + O͉͉͑͒ (uniformly in n Z) as → 0 + . Equation (6) has also exact bond-centered dark breather solutions satisfying y n ͑t͒ = y −n+1 ͑t͒. We shall approximate them by
͑26͒
Note that expressions (25) and (26) also approximate u n since u n = y n + O͑y n 2 ͒. For computing dark breathers numerically we consider a lattice with an odd number of sites (51 lattice sites). We first choose an even potential ͑K 3 =0͒ with K 4 Ͻ 0 (so that B Ͻ 0). We solve Eq. fixing the time average of u 0 to 0 and using (25) as an initial condition. Dark breathers are computed for non-even potentials by continuation with respect to K 3 , starting from K 3 =0 (during the continuation the time average of y n remains very small, due to the constraint on u 0 ). Figure 11 shows the excellent agreement between an exact site-centered solution obtained numerically (circles) and the approximation (25) (dashed line), for an even potential with K 4 =−1 ͑B =−3͒ and a frequency b = 1.9. For non-even potentials (full circles) the agreement is not so good. The reason is clearly that the approximation of u n by y n with Eq. (25) has the symmetry property u n ͑t + T b /2͒ =−u n ͑t͒ which is not true any more when K 3 0.
Similar results are obtained for bond-centered solutions (see Fig. 12 ).
For a fixed potential we can continue numerically these solutions decreasing b . As Fig. 13 shows, then the oscillation amplitudes increase and for even potentials expression (25) continues matching very well the relative displacements u n (circles), even far from the top of the phonon band. For non-even potentials (squares) the agreement is also excellent close enough to the edge of the phonon band. For lower frequencies we observe discrepancies becoming larger.
We have also performed a Floquet analysis to investigate the linear stability of this family of solutions when we decrease the frequency.
On the one hand, the site-centered mode is stable close to the edge of the phonon band for even potentials as Fig. 14(a) shows. However, a cascade of harmonic instabilities appears for low enough frequencies (larger amplitudes). These instabilities are visible in Fig. 14(a) at b Ϸ 1.43. Before the appearance of the harmonic instabilities one observes an instability bubble at b Ϸ 1.53. Nevertheless, its magnitude decreases as the system size increases and thus it should not be relevant for the infinite system.
On the other hand, the bond-centered mode shows a harmonic instability [see Fig. 15(a) ] that increases when the frequency decreases. One also observes another cascade of harmonic instabilities at b Ϸ 1.43. Non-even potentials induce oscillatory instabilities for low enough frequencies (larger amplitudes), both for the sitecentered and the bond-centered modes. Figure 14 (b) and 15(b) show that this occurs for frequencies lower than 1.85, for K 3 = −0.6 and K 4 = −1. Numerically we have not found these oscillatory instabilities near the phonon band edge, but we do not exclude that they might exist and be harder to detect.
The harmonic instability before mentioned for the bondcentered mode is also present for non-even potentials, but is not visible in Fig. 15(b) Fig. 15(b) we do not see either the cascade of harmonic instabilities around b Ϸ 1.43. We have checked that they are also present with non-even potentials.
V. BRIGHT AND DARK BREATHERS WITH UNIFORM STRESS
Breathers considered in Sec. III for B Ͻ 0 can be numerically continued at fixed frequency up to values B Ͼ 0, bringing about a new type of solutions which satisfy lim n→±ϱ u n = c, where c is a nonzero constant. As Fig. 16 shows, these new type of solutions can coexist with SAB for the same values of the parameters and can be seen as time-periodic oscillations around static solutions of (1) given by x n = cn. The lattice is uniformly stretched at infinity for c Ͼ 0, and uniformly compressed for c Ͻ 0. Such breather solutions with a constant static strain c Ͻ 0 have been also observed by Sandusky and Page in the case B Ͻ 0 (see Ref. 26, p. 876) .
This section provides analytical and numerical results concerning breather solutions with a constant static strain. The case of dark breathers with uniform stress is also examined.
In the sequel we assume VЉ͑c͒ Ͼ 0. We make the change of variable x n ͑t͒ = cn + x n ͑tͱVЉ͑c͒͒ where x n Ӷ 1 and introduce the modified potential
with Ṽ Ј͑0͒ = 0 and Ṽ Љ͑0͒ = 1. One can see that Eq. (28) is exactly Eq.
(1) where V has been changed to Ṽ . Consequently, the results of the above sections (both analytical and numerical) readily apply to Eq. (28).
Returning to the original variables, the following analytical results for the FPU system (1) follow from the analysis of Sec. II A. Let us fix c R and define
If B͑c͒ Ͼ 0 and b −2ͱVЉ͑c͒ Ͼ 0 is sufficiently small, the FPU system has a family of exact solutions which can be approximated by
where = b 2 −4 VЉ͑c͒, 0Ͻ Ӷ 1. These solutions are time periodic (with frequency b ) and their oscillating part is spatially localized. As n → ± ϱ they converge towards a uniformly stressed static state (stretched or compressed depending on c). Note that their lower frequency lies inside the phonon band if VЉ͑c͒ Ͻ 1, and above for VЉ͑c͒ Ͼ 1. The exact solutions approximated by (30) are site-centered, i.e., they satisfy u n ͑t͒ = u −n ͑t͒. There exists also exact bond-centered solutions satisfying u n ͑t͒ = u −n−1 ͑t + / b ͒. In the sequel we shall denote these solutions as breathers with uniform stress.
As we previously mentioned, the numerical study of these solutions is already contained in Sec. II B, which applies to the renormalized displacements x n satisfying (28) . For the polynomial potential (3), breathers with uniform stress have the same stability properties as the SAB corresponding to the modified potential (27) . In particular, oscillatory instabilities are observed for K 3 =0 (V is even), since the modified poten- ) and consists in a dark breather superposed with a uniformly stressed static state. Note that their higher frequency lies above the phonon band if VЉ͑c͒ Ͼ 1. These solutions are site-centred ͓u −n ͑t͒ = u n ͑t + / b ͔͒, but their bond-centered analogues also exist. They have the same stability properties as dark breathers in Sec. IV, for the modified potential (27) .
VI. CONCLUSIONS
In this work we have analyzed both numerically and analytically a rich variety of nonlinear solutions in FPU lattices. There are four main results.
On the one hand, we have numerically explored the range of validity of a recent breathers (bright or dark) existence proof 12 for one-dimensional FPU lattices. Our computations have been carried out with polynomial interaction potentials of degree 4. For B Ͼ 0, we have found that the maximum amplitude of bright breathers in the relative displacement variables is an approximately linear function of 1/2 even far from the phonon band and, in fact, the approximate expression (14) describes very well the profile of the breathers when their amplitudes are large. For B Ͻ 0 and K 4 Ͻ 0, we find in the same way that dark breathers can be very well described by approximate analytical expressions.
On the other hand, we have found numerically for B Ͻ 0 large amplitude bright breathers having frequencies arbitrary close to the top of the phonon band, which are out of range of the local analysis. 12 This breather family exhibits an energy threshold, which is a rarely observed phenomenon in one-dimensional lattices.
Moreover, with respect to stability properties we have checked that non-even potentials induce oscillatory instabilities in both bright and dark cases. In the case of even potentials, the Page mode is linearly stable while the SieversTakeno mode is unstable. We have also found that bondcentered dark breathers are unstable. The site-center dark breather is unstable for low enough frequencies and linearly stable with an even potential near the edge of the phonon band.
At last, we have analyzed small amplitude bright and dark breathers superposed to uniformly stressed static states x n = c n. In particular, the lowest frequency of bright breathers is inside the phonon band if 0 Ͻ VЉ͑c͒ Ͻ 1, and the highest frequency of dark breathers is above the phonon band if VЉ͑c͒ Ͼ 1. We have obtained local conditions on V for their existence as well as approximate analytical expressions.
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